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SYNOPTIC ABSTRACT

A stochastic version of the Richardson’s arms race model is considered
through the method of birth-death processes. The expected value of the
model is obtained and shown to be analogous to the original deterministic
arms race model.
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1. INTRODUCTION

The Richardson’s Arms Race Model has been studied widely since its
introduction in the 1930’s by its namesake Lewis F. Richardson. The model
uses a pair of differential equations to represent the complex interaction
that occurs between two nations involved in an arms build up. Richardson
believed that the central cause of war was the excess of such arms and that
studying the behaviors which change the levels of armaments may lead to
insights that prevent war (Richardson 1960).

Richardson’s basic model began with only two nations. Let us imagine
there are nations X and Y who are neighbors (Richardson 1939). Since
changes in X’s and Y’s war readiness may be an indicator of impending
military action, we are interested in the contributing factors that will make
these countries increase or decrease the amount of armaments that they
own. We will use the variables x and y to denote the amounts of arms that
X and Y respectively have. In light of these variable name choices, we will
denote the rate of change in X’s armaments over time as fi—f and the rate
of change in Y’s armaments as %. The basic model is as follows:

dz
2 —ay-ytC ()
dy

for a, 8,7y, 6 >0

Looking only at the first equation, let us examine the source of each term
on the right side. We see that the rate of change for country X’s arma-
ment stock is positively proportional to Y’s armament stock., representing
"mutual fear” between nations. The rate of change in X’s stock is nega-
tively related to the amount of arms that it owns due to the fact that other
things are being sacrificed by the nation in favor of arms. As this sacrifice
increases, the nation will be less willing to give more to the procurement
of arms. The last term accounts for feelings of good or ill will which are
independent of armament stock.. If this constant is positive, then country
X has a greater propensity to increase its armament stock based only on
its dislike for country Y. Similarly if the constant is negative, then country
X has a positive opinion of country Y and is less prone to increase its arms.
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The model is a rather simple representation of the actual complexities
involved in an arms race between two countries. Richardson explained that
this formulation was a reduction of an earlier model that used many more
variables as well as square and interaction terms; he eventually decided
that the elements above were the most valuable in explaining the situation
while keeping a focus on simplicity. It should also be noted that Richardson
allowed for the variables x and y to be negative. What does it mean to own
a negative armament? To allow for a robust interpretation of his results,
Richardson interpreted negative values for these variables as cooperation
between the nations in terms of economic trade. Richardson examined the
results of the model with differing values for the various coefficients, es-
pecially to determine if the model stabilizes. Michael Olnick summarizes
these results succinctly in An Introduction to Mathematical Models in the
Social and Life Sciences (1978). In addition to examaning the mathemat-
ical properties of the model, Richardson offered evidence to support his
theories by using expenditure figures of European powers and describing
how these expenditures related to the outbreak of war. The attempt to
gather real world data in the support of his theories culminated in his work
The Statistics of Deadly Quarrels (1960).

Since the model under investigation is an oversimplification, it is a nat-
ural extension to enrich the model by grouping the assorted effects not
included explicitly in the model as a random influence on the model and
then study the results. Previous attempts have been made at probabilistic
extensions of the model. One of these extensions considers the deteriora-
tion of arms as a stochastic factor in the model {Gopsalmy 1977). Another
approach was to include a uniform random variable in the model to account
for all of the random perturbations (Mayer-Kress 1992). However, we will
come at the problem from the perspective of a birth-death process. In the
next section we will develop a stochastic model We then show that the ex-
pected value of the stochastic model presented corresponds to the original
deterministic Richardson’s model.

2. A STOCHASTIC MODEL

To begin with, we make some assumptions.Our model will assume that
expenditures of countries X and Y are discrete valued; thus we will denote
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the expenditures of X and Y by the variables m and n, respectively.We
introduce two interdependent random variables,M(t) and N(t),which rep-
resent are the possible discrete levels of expenditure of X and Y.Also,we
need to break apart the grievance term into two components, one nonneg-
ative and one nonpositive. This separation will make our model capable of
dealing with the analog of the original model when we have negative values
for these grievance terms.Unlike the Richardson model however, we will
consider only nonnegative values of m and n.Our model is expressed as the
probability of being at given levels of expenditure,m and n,at time t and is
given by

Pon(t+At) = (an+ p)(At)Pm-1a(t) (2)
+ (y(m + 1) + 6){At) Prgaa(t)
+(Bm + 7)(At) Py s (£)
+(6(n + 1) + N {At) Prpiaft)
+(1—(an+ p+ym + k+ fm+ 7 + 6n+ N)(At)) Panlt),
fora, p, v, &, 8, 7, 6, A>0,
where Py ,(t) = P{M(t) = m, N(t) = n}.

As mentioned above, we have broken apart the grievance terms. So, the
expression p-x is analogous to the parameter ¢ in the original model, and
the expression 7 — A is analogous to the parameter i in the original model.

We will assume that in any given time step At only one event will
happen. The probability that the model is in a particular state in a given
time t+ At is the sum of probabilities of all of the cases which may occur
during At. Since we are only allowing for one event in a given time step,
there are five possible cases:

1. Country X increases its armaments
Country Y increases its armaments
Country X decreases its armaments
Country Y decreases its armaments
Nothing happens
Each of these terms consists of two parts. The first factor is the proba-

oLk W

bility that a given event happens. The second factor is the probability that
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the system was in a state where this step could happen. We also assume
that these events are independent, so that the probability of both occurring
is the product of these factors.

We will now see how each of the terms in our model correlates to the
original model.

1. (an + p)(At)Py_1(t)- This term corresponds to the case that the
model is at one less of m and at the same level of n in the previous time
step. The first factor corresponds to the mutual fear term oy plus the
positive contribution p from the grievance term ¢ in the first differential
equation of the original Richardson model (1). The second factor states
that the contribution from this term is proportional to the length of the
current time step At. The last factor is the probability that the model had
arrived at this state at the previous time step.

2. (v(m+1)+k)(At)Ppy1a(t) — This term corresponds to the case that
the model is at one more of m and at the same level of n in the previous
time step, t. The first factor corresponds to the sum of a term y{m+1)
which corresponds to the drag term <yx and the negative contribution s
which corresponds to the grievance term ¢ in the first differential equation
of the original Richardson model (1). Again, the second factor states that
the contribution from this term is proportional to the length of the current
time step At. The last factor is the probability that the model had arrived
at this state at the previous time step t.

3. (Bm + 7)(At) Py n—1(t)- This term corresponds to the case that the
model is at one less of n and at the same level of m in the previous time
step t. The first factor corresponds to the mutual fear term Sx plus the
positive contribution 7 of the grievance term 7 of the second differential
equation of the original Richardson model (1). The second factor consists
of the length of the time step At. The last factor is the probability that
the model had arrived at this state at the previous time step t.

4. (6(n+1)+A2)(At)Ppp1(t) —This term corresponds to the case that
the model is at one more of n and at the same level of m in the previous
time step t. The first factor is analogous to the drag term dy plus the
negative contribution A from the grievance term of the second differential
equation in the original Richardson’s model (1).

5.(1 = (@an + p+ym + &+ fm+ 7 + én + A)(At)) Pr o(t)— This term
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considers the probability that nothing happens in this time step hetween

t and t+At. Thus, we have one minus the sum of the probabilitics ol the

other cases times the probability that we were originally in this stale.
Simple equation manipulation gives

Pm,n(t + At) — Pm,n(t) = {(on+ P)(At) m—1 n(t) (33
+ (v(m + 1) + &)(A) Py, (t)
+(Bm + T)AL) Pran-1(t)
+(6(n + 1) + M {(At) Py ns1(t)
—(an+ p+ ym+ k+ Bm+ 7+ 0n+ A (AP, ()

Dividing both sides by At, and letting At approach 0, gives

d P »(t) _ Prn(t + At) — Ppa(t)
a2 limatso o (4)

= (o + p)Pp_1(t) (5)
+ (v(m + 1) + K£) Pnt1,a(t)
+(fm + 1) Py n—1(t)
+(6(n + 1) + A} Py i (t)
~(an+p+ym+ £+ B+ 7+ 00+ A) Py a(t)

This gives an infinite system of differential equations (5). Often these
types of systems may be solved recursively given an initial condition. This
method seems to be untenable in this case, since there is recursion in two
variables. However, a numerical solution for the system may be possible
through the method of randomization, also know as uniformization. For

the time being, we consider some deterministic properties of this stochastic
model.

3. Deterministic Analysis of the Model

The probability generating function (pgf) is an aid in analyzing discrete
valued random variables. The pgf ¢ of our model is given by

B(t, 21, 22) = B2, z"] 2221 2" P n(t). (6)

m=0 n=0
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Differentiation with respect to t yields

oo 00 den
Obp=) > a"n"— 2 7

m=0 n=0

Substitution from Equation (4) and separation of terms gives

hd = « i inzlmzzan_l,n(t) (8)

m=0 nz=0
o oo

+p Z E zlmz2an-1,n(t)

m=0 n=0

o0 o0
+7 3 Y (m+ 1)z ™2 " Pryaa(t)

m=0n=0

o0 oo
+£ Y Y 2™ 2" Prgaa(t)

m=0 n=0

oo oQ
+8 3" Y mzn™ 2" Poaalt)

m=0n=0

+7 Z Z zlmZQan,n—-l(t)

m=0 n=0

= v] o0
+6 3 Y (n+ 1)n™ 2" Poan(t)

m=0 n=0

+A DY "% " Prpa(t)

m=0 n=0

o0 00
- 2 Z 121" 22" Prn(t)

m=0 n=0

00 o0
—F E z Zlmzzan,n(t)

m=0n=0

8 Bt P

m=0 n=0

o0 o0
kY S 2™ Prn(?)

m=0n=0

—ﬁ io: i mZ]_mZzan,n(t)

m=0n=>0

—7 3> 2™ 2" Pra(t)

m=0 n=0

—6 i i(n—!— 1)21m22n m,n(t)

m=0n=0
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A S 5™ 2" Pra(t).

m=0n=0

Rewriting some of the terms as a partial derivatives of ¢ gives

0o = az122(0,,0) + pz1d + ¥(0, 0) (9)
+ %b + B2129(8,, 8) + 206 + 6(8:,0)

A
+;;¢ = azQ(Gzzé) - ,0(,15 - ’}’21(821¢)
ki — B21(8,,0) — TP — 622(0,,0) — M.
‘We now group derivatives of ¢:
8¢ = (Bzize + v~ 721 — B21)(0:9) (10)
+ (az129 + 8 — azy — 022)(0,,0)
A
+(pz1+£+TZg+—qb—p-—n—fw)\)qb.
Al Z9
To obtain the pgf ¢ of the System (4), a solution of Equation (9) is required.
However, this partial differential equation is at best difficult to solve. It re-
mains an open problem to find an explicit solution to Equation (9), though
the expression in Equation (9) can be used to gather information about the
system. Using the fact that the expected value of a random variable can be

obtained from the derivative of its pgf, we take the derivative in Equation
(9) with respect to zi:

Ot = (Bzrze+7v— 72 — B21)(0s,219) (11)
(Bza — v = B)(0:,9)
+(ozy2p + 6 — azp — 622)(0;,,209)

+(az1)(0,9)

~i—(,021-+—"G——|-7"'z2+i —p—Kk—7— A8, ¢)
21 Zy

+(p — k2 ")

Now, 8,, 1¢ = 8, ,,¢ since ¢ is continuous where it exists. So, letting z; =1
and z; = 1 we obtain

8t,z1¢(1)1) - a(azz‘;b(lal)) (12)
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—7(821¢(1, 1))
+(P - K))q‘b(l, 1)'

From Fquation (11) and the properties of a pgf we can write
8,EM(2)] = oBN ()] — BIM(®)] + (o — ). (13)

Equation (12) corresponds with the first differential equation in the original
model (1) the change in country X's expected arms 8 E[M(t)] is equal to
o times the expected amount of arms of country Y minus v times the
expected amount of arms of country X plus the goodwill term p — x which
we defined to be (.

Similarly, we can take the derivative in Equation(9) with respect to z»
to obtain the equivalent of the second equation in the original model:

Bu2® = (Baize+7v— 21— B21)(0z,08) (14)
(621) (01 ¢)
Hazizg + 6 — azg — 629)(8ay 2, D)
+(ozn ~ a~ 6)(0,9)

(
(

+(PZ1+ +Tzz+i—p-ﬁ—7’- ) (0:,0)
(

Z
+{r — Az~ ).
Again letting z; = 1 and 2, = 1, we obtain

at,zqu(l! 1) = ﬁ(amqb(li 1)) (15)
_6(azz¢(11 1))
+(t — Né(1,1).

Using a property of a pgf and the continuity of ¢, we may rewrite Equation
(14) a
8,E[N(t)] = BE[M(t)] — E[N()] + (7 — A). (16)
As above, this equation agrees precisely with the second equation of
the original model. The change in Y’s expected armaments with respect
to time 8, F[N(t)] is equal to 8 times the expected amount of country X’s
armaments minus ¢ times the expected amount of country Y’s armaments
plus the goodwill term 7 — X which we defined to correspond to 7.
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It should now be clear that the model we have created in system (4) is
indeed a stochastic version of the Richardson’s arms race model. The ex-
pected value of our model corresponds to the deterministic original model.
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